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Summary. The solution of the Schr6dinger equation for diatomic molecules 
when the finite element method is used gives the possibility to evaluate highly 
accurate basis-independent potential energy curves. In this work such types of 
numerically accurate potential energy curves on the HF level have been evalu- 
ated for Li2, Na2 and K 2 and could be used as benchmarks in the optimization 
of basis sets. A comparison between recent LCAO HF calculations in which 
extended basis sets are used and the accurate values determined in this work 
show that there is a difference in total energy of 4 × 10 -5 and 10 -3 a.u. for Li, 
Li2, and Na, Na2, respectively. Evaluated dissociation energies are, however, due 
to the cancellation of numerical errors in much better agreement. Further, it is 
found that different exchange correlation potentials for the heavier molecules 
such as those given by yon Barth-Hedin and Vosko, Wilk and Nusair reproduce 
experimental properties such as dissociation energies, vibrational frequencies 
almost as well as those achieved with advanced CI methods. The Xa potential 
gives accurate bond lengths for Na2 and K2, whereas the dissociation energies 
are too small. 
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Access to experimental techniques for the production and study of metal 
clusters [1-5] has challenged theoreticians to test different ab initio and first- 
principle methods [6-9] for these types of molecules. A crucial problem in 
many of these calculations is the choice of suitable basis sets in the expansion 
of the molecular wavefunctions in a Molecular Orbital Linear Combination of 
Atomic Orbital, MO-LCAO, approach [10, 11]. Therefore the results can, in 
many cases, become limited by the chosen basis sets [12], although the Hamil- 
tonian, which is defined by the chosen exchange correlation potential or the 
expansion terms in a Configuration Interaction, CI, or Many Body Perturba- 
tion Theory, MBPT, calculation, provide an accurate description. The use of 
very extensive basis sets is also limited by the n 4 problem for the two-electron 
potentials in HF-based methods and by the n 3 problem in density functional 
methods. 



250 D. Heinemann and A. Ros~n 

However, calculations of two-dimensional problems such as diatomic 
molecules can nowadays be done by means of pure numerical schemes such as 
the finite difference method, FDM, [13], and the finite element method, FEM, 
[14-16]. In the case of FEM, the Hamiltonian for the diatomic molecule is 
rewritten in ellipsoidal coordinates. The space defined by this representation is 
further divided into small domains, called the finite elements, on which local 
basis functions are defined, as opposed to the global basis sets used in the 
conventional basis-set expansions. The local basis functions are chosen as 
two-dimensional polynomials of the order 6 to 8, such that the expansion 
coefficients determined can be interpreted as the values of the unknown functions 
at a particular grid point. 

In our groups so far, FEM calculations have been performed for the 
two-dimensional solution of the Hartree-Fock-Slater ,  HFS, [14, 15, 17, 18], 
spin-polarized HFS [19] and for restricted Hartree-Fock [20] equations for 
atoms and diatomic molecules. The numerical accuracy achieved in these calcula- 
tions is of the order of 10 -8 a.u., corresponding to 3 x 1 0  - 7  eV for the eigenval- 
ues, total energies and dissociation energies. A detailed description of the 
application of the Finite Element Method for this type of quantum mechanical 
calculations has been given in our earlier work [14, 20]. 

To date, a number of calculations have been performed on small clusters of 
Li, Na and K in which different types of semiempirical and ab-initio methods 
have been used, see summaries in different reviews [6-9]. When molecular 
calculations are based on basis-set expansions the appropriate basis sets have 
usually been optimized by calculations for the corresponding dimers. In order to 
test the accuracy of these types of calculations we have evaluated numerically 
highly accurate potential energy curves for Li2, Na2 and K2 within the HF 
method and also used different types of exchange correlation potentials, such as 
the Xe [21], von Barth-Hedin,  BH, [22], Vosko, Wilk and Nusair, VWN, [23]. 
Access to these types of accurate potential energy curves gives both the possibil- 
ity to analyze the effect of basis-set errors and to test the accuracy of a number 
of exchange correlation potentials. 

A summary of the total energies for the atoms and diatomic molecules at the 
equilibrium bond distance is given in Table 1. Different exchange correlation 
potentials and the Hart ree-Fock are used. The molecular calculations have been 
carried out for internuclear bond distances ranging from 3 to 10 a.u. The results 
agree well with the one-dimensional calculations for the atoms calculated by 
Froese Fischer [24], see Table 1. Improved basis-dependent calculations were 
carried out for Li, Na and the diatomic molecules Li2, Na2 [25] in which recently 
determined basis sets [26] for the first- and second-row atoms were used, see the 
results given in the last column of Table 1. These basis sets for the first- and 
second-row atoms have been constructed by averaging over several atomic states, 
positive and negative ions, and atoms in an external electric field. The basis sets 
are characterized as (14s 9p 4d 3f) for Li and (17s 12p 5d 4f)  for Na. There is 
a difference of 3 x 10 -5 a.u. for Li and Li 2 to the highly accurate total energy 
values in column 4, whereas the difference is 7 x 1 0  - 4  and 14 x 10 -4 a.u. for Na 
and Na 2. As a comparison, Bona~id-Kouteck) et al. [27] obtained the total 
energies -7.432669 a.u. and -14.871098 a.u. for Li and Li2 using a basis of the 
type (13s 3p ld/6s 3p ld) and the corresponding total energies for Na and Na2 
[28] were -161.84541 a.u. and -323.689982a.u. with a basis of the type 
(14s 8p ld/6s 5p ld). For Na2, the difference in total energy between the accu- 
rate values calculated in this work and the values evaluated with the new basis 
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Table 1. Summary  of  total energies in a.u. for the neutral Li, Na, K atoms and the corresponding 
diatomics evaluated by means  of  different exchange correlation potentials 

Atom/molecule Xc~, e = 0.7 BH VW N HF  (hum) H F  (bas) 

Li 2s -7 .24917 -7 .34097  -7 .33519  -7 .432727 
2s~ -7 .26892  -7 .35453 -7 .34392  

Li 2 -14.548445 -14.737609 -14.725637 -14.871923 

Na  3s -161 .2634 -161.4393 -161.4401 -161.85891 
3s T - 161.2805 - 1 6 1 . 4 5 l l  - 161.4476 

Na  2 -322.56976 -322.92632 -322.92742 -323.71728 

K 4s -598.2062 -598.1817 ~598.2006 -599.16475 
4s~ -598.2194 -598.1909 -598.2059 

K 2 -1196.44380 - 1196.39918 -1196.43646 - 1198.32534 

--7.432710 

--14.871882 

- 161.85821 

-323.71583 

Total energies evaluated in the one-dimensional calculations for a toms taken from Ref. 24. Li 
-7.4327269,  Na  - 161.85891, K -599.16479 

sets [26] is 0.0015 a.u. corresponding to 0.04 eV. At present there are no accurate 
LCAO-HF calculations for K2 rendering a comparison impossible. However, the 
values determined in this work could be used as benchmarks in the optimization 
of new basis sets for heavier elements. 

By means of the total energies given in Table 1, dissociation energies and 
different spectroscopic constants have been evaluated and compared with avail- 
able spectroscopic constants [29] as summarized in Table 2. We notice that the 
difference earlier observed in total energy between the numerical and basis- 
dependent HF calculations has disappeared in the spectroscopic constants. In 
Table 2 results are given to the right from earlier calculations within the local 
density approximation, LDA, [30, 31] and from different all-electron SCF and 
valence CI calculations [32] in which intershell correlation effects and an effective 
core polarization potential, CI-CPP, [32] have been taken into account. Further, 
results from more recent CI-calculations of Bona~i6-Kouteck~ et al. [27, 28] are 
given for comparison. The earlier calculations using LDA exchange correlation 
potentials [30, 31] are in rather good agreement with our calculations using the 
yon Barth-Hedin potential, although with lower numerical accuracy. 

An overview of the difference between some of the theoretical results in Table 
2 and the corresponding experimental bond lengths and dissociation energies are 
also presented in Figs. 1 and 2. The dissociation energies evaluated with the yon 
Barth-Hedin [22] and Vosko, Wilk and Nusair potential [23] seem to reasonably 
well reproduce the experimental values. A very good agreement is obtained 
between the experimental values [29] and the theoretical ones when intershell 
correlation effects and the effective core polarization are included [32]. It is 
surprising that the HF-CI calculations of Bona~i6-Kouteck) [27, 28] do not 
reproduce the experimental bond length for Na2 in a better way than that given 
in Table 2. If this is due to basis set errors or the neglect of core polarization 
effects and higher-order terms in the CI expansion is not clear. The question is 
how this type of deviation will influence the optimization of geometries for 
clusters bigger than the dimer. 
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The total energaes and spectroscopic constants evaluated in this work for K2 
can be used as a benchmark in the optimization of basis sets. Further, due to the 
highly numerically accurate FEM method, work is now in progress to extend the 
calculations in order to use other exchange correlation potentials such as the one 
of Ceperley and Alder [33] and also to include gradient corrections as discussed 
by Becke [34, 35]. 

Acknowledgements. The authors acknowledge the basis-dependent HF calculations performed by Dr. 
Lars G. Pettersson and also constructive discussions concerning basis sets. We are grateful to 
Bona6id-Kouteck) for information about the HF and CI calculations. This work was supported by 
The Swedish Natural Science Research Council (Contract F-FU 2560-312, F-GF, 2560-305 and 
NORDITA (Nordisk Institut f6r Teoretisk Atomfysik). Computation time at CRAY X-MP/48 from 
National Supercomputer Centre at University of Link6ping is gratefully acknowledged. 

References 

1. Hopkins JB, Langridge-Smith PR, Morse MD, Smalley RE (1983) J Chem Phys 78:1627 
2. Morse MD (1986) Chem Rev 86:1049 



254 D. Heinemann and A. Ros~n 

3. de Heer WA, Knight WD, Chou MY, Cohen ML (1987) Solid State Phys 40:93 
4. Kappes M (1988) Chem Rev 88:369 
5. Kaldor A, Cox DM, Zakin MR (1989) In: Prigogine I, Rice SA, Lawley K (eds) Adv in Chem 

Phys 211 
6. Kouteck) J, Fantucci P (1986) Chem Rev 86:539 
7. Halicioglu T, Bauschlicher CW (1991) Rep Prog Phys 51:883 
8. Jones RO, Gunnarsson O (1989) Rev Mod Phys 61:689 
9. Bona~i6-Kouteck~, V, Fantucci P, Kouteck~, J (1991) Chem Rev 91:1035 

10. Schaefer III HF (1972) The electronic structure of atoms and molecules. Addison-Wesley, 
Reading 

11. Lawley KP (ed) (1987) Ab initio in quantum chemistry, Parts I and II. Wiley, NY. This book 
gives an overview of different methods used in calculations for molecules. 

12. Wilson S in ref. [11] 
13. Laksonen L, Sundholm D, Pyykk6 P (1986) Comp Phys Rep 4:313 
14. Heinemann D, Fricke B, Kolb D (1988) Phys Rev A38:4998 
15. Heinemann D, Fricke B, Kolb D (1989) In: Defranceschi M, Delhalle J (eds) Numerical 

determination of the electronic structure of atoms, diatomic and polyatomic molecules. Kluwer, 
Dordrecht, p 275 

16. Sundholm D, Olsen J, Malmqvist PA, Roos B (1989) In: Defranceschi M, Delhalle J (eds) 
Numerical determination of the electronic structure of atoms, diatomic and polyatomic 
molecules. Kluwer, Dordrecht, p 329 

17. Schulze W, Kolb D, (1985) Chem Phys Lett 122:271 
18. Heinemann D, Kolb D, Fricke B (1987) Chem Phys Lett 137:180 
19. Heinemann D, Ros6n A, Fricke B (1990) Chem Phys Lett 166:627 
20. Heinemann D, Ros6n A, Fricke B (1990) Phys Scr 42:692 
21. Slater JC (1974) The self-consistent field for molecules and solids. McGraw-Hill, NY 
22. Barth von U, Hedin L (1972) J Phys C 5:1629 
23. Vosko SH, Wilk L, Nusair M (1980) Can J Phys 58:1200 
24. Froese-Fischer C (1977) The Hartree-Fock method for atoms. Wiley, NY 
25. Pettersson LGM, private communication 
26. Widmark PO, Malmqvist PA, Roos BO (1990) Theor Claim Acta 77:291 (1991) 79:419 
27. Bona~i6-Kouteck~ V, Fantucci P, Kouteck~, J (1988) Phys Rev B37:4369; and private communi- 

cation 
28. Bona6id-Kouteck~, V, Fantucci P, Kouteck) J (1988) Chem Phys Lett 146:518; and private 

communication 
29. Huber KP, Herzberg G (1979) Constants of diatomic molecules. Van Nostrand Reinhold, NY 
30. Becke AD (1986) Phys Rev A33:2786 
31. Harris J, Jones RO (1978) J Chem Phys 68:1190 
32. Muller W, Meyer W (1984) J Chem Phys 80:3311 
33. Ceperley DM, Alder BJ (1980) Phys Rev Lett 45:566 
34. Becke AD (1989) Int J Quant Chem Symp 23:599 
35. Becke AD (1989) In: Salahub DR, Zerner MC (eds) The challenge of d and f electrons: theory 

and computation, ACS Symp Ser No 394, p 166, Amer Chem Soe, Wash, DC 


